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A FIXED POINT THEOREM,
A PERTURBED DIFFERENTIAL EQUATION,
AND A MULTIVARIABLE VOLTERRA INTEGRAL EQUATION

BY

DAVID LOWELL LOVELADY

ABSTRACT. A fixed point theorem is obtained for an equation of the form
u= T[p, f+ Glu]l. This theorem is then applied to a functionally perturbed or-
dinary differential equation of the form u'(t) = f(¢) + Az, u(#)) + Glul(d); u(0)=p,
and, as a consequence of this, Fredholm integrodifferential equations of the form

z2I(e) = f(£) + (¢, 2(2) +fg°a(t, s)w(z(s))ds, z(0) = p. Applications are also made
to a multivariable Volterra integral system

us, 0= 8365, 0 4 [[o [ Fluge, ), e, 30, uyto, )y
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uy(s, t) = gols, ¢) +f0 F uyls, y)y uyls, y), u3(s, y)idy

u3(8. t) = g3(5, t) +f: F[ul(x, t)y u,(x, t), u3(x, ) dx,

and, as a corollary to this, a differential equation of the form
2
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u(s, 0) = d(s), u(0, t) = Wt).
These last two equations are set in a Banach space so as to allow applications
to integrodifferential equations such as
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u(s, 0, z) =0(s, 2), u(0, ¢, z) =7(¢, 2).
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72 D. L. LOVELADY

L. Introduction. In studying functional differential equations of the form

(1) £ (1) = f() + A, w(0) + Glu)(2),  w(0) =p,

one frequently considers the problem as a perturbation of the ordinary differential
equation

(2) v'(2) = g(l) + A(e, o(D), 2(0) = q.

If T is a function having the property that v = Tlg, gl (whete v, ¢, and g are as
in (2)), then any solution u of (1) satisfies u = Tlp, f + Glull, i.e., u is a fixed
point of the mapping described by w — Tlp, f + Glwll. This point of view has
been exploited by many authors, both for perturbed differential equations and for
perturbed Volterra integral equations (see, for example, R. K. Miller, J. A. Nohel,
and J. S. W. Wong [13], [14], Miller [11], [12], M. Z. Nashed and Wong [16], and
S. I. Grossman and Miller [4]).

In SII we shall develop a fixed point theorem designed to include
not only (1) but also other applications. The results concerning (1) will be applied

to Fredholm integrodifferential equations of the forms

(3) 2'(2) = f(2) + o(z, z(2)) + I: alt, sdwlz(s)ds,  2(0) = p,
and
(4) z2'(0) = [() + p(s, 2(1) + f: k(t - solz(s))ds,  =(0) = p.

In SIV we shall obtain existence and uniqueness results on prescribed rec-

tangles for integral equations of the form

ul(s, 1) = gl(s, D+ f: I:) F[ul(x, y)s uz(x, y)s u3(x, yldydx,
(5) u,ls, 1) = g,(s, 1) +f; Flu (s, y)s u,y(s, y)s uy(s, y)ldy,

u3(s, )= g3(s, D+ f: F'[ul(x, 1)y uy(x, 1), u3(x, Dl dx,

and, as corollary to this, differential equations of the form

L s, D= fls D F[u(s, 0, L uts, 0 Las, t)] ,
(6) dsdt ds ot

uls, 0) = ¢ls), ul0, 2) = ().
Such integral and differential equations have been studied under a variety of
hypotheses by W. Walter [17], [18], [19] in finite-dimensional spaces. Our primary
assumption will be the continuous Fréchet differentiability of the function F from
the triple product of a Banach space into that space. The technique here is sim-
ilar to the linearization technique developed by Miller [12]. The corresponding
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ordinary differential equation has been studied by J. Dieudonn€ [3, Chapter 10,
$4). It will be indicared at the end of SIV that the Banach space setting of (6)
permits the realization of information about equations such as

2

uls, t, 2) = [(s, t, 2) + H(z, uls, ¢, 2), _8_ uls, t, z)y —a-u(s, t, 2))
SOt ds ot

) + f; K<z, r, uls, t, r),ai uls, t, r),g—t uls, t, r)> dr,

s
uls, 0, z) = o(s, z), u(0, t, z) =7, 2).

I A fixed point theorem. In this section we shall take X, and X, to be
Banach spaces with norms T(l and 7'(2 respectively. If 4 is a positive number
then Sl(d) will be that subset of f)(l to which p belongs only in case T(x[p] <d,
and 52(d) will be the analogous subset of fxz. Let T be a function from fxl X
fxz to xz’ let G be a function from xz to iz’ and suppose that T[0, 0] = Gl0]
= 0. Let B be a number and suppose that

T(Z[T[p, f1-Tlg, gll < BT(l[p -ql+ B)'(z[f - gl

whenever (p, g, f, g) is in %1 x fxl xfxz X fxz. Suppose that G is of higher
order in the sense that if € is a positive number then there is a positive number

6 such that

nz[G[/] - Glgll < J(Z[/ - gl
whenever (/, g) is in 52(5) x 52(3).

Theorem 1. There are positive numbers n and o such that, if (p, [) is in
Sl(q) x 52(1;), then there is exactly one member u of 52(0) such that u =
Tlp, / + Glull. Furthermore, if R is that function from 51(77) X 52(77) to 52(0)
having the property that Rlp, f1=Tlp, 7 + GIRlp, /1] whenever (p, f) is in
81(77) % 52(71), then R is continuous.

Proof. If B =0, the theorem is trivial, so assume that 8 > 0. Find a posi-
tive number o such that JU,[G[f] - Glgll < (1/4B)U,[f - g] whenever (f, g) is in
8,(0) x 8,(0). Let n=0/4B, and let (p, /) be in S;(n) x S,(n). Let K be the
function from &,(0) to X, given by Klgl = Tlp, / + Glgll. Suppose that g is in
52(0). Now

)'(Z[K[g]] < BT(I[p] + BT(Z[/] + BT(Z[G[g]]
<o/4+0/4d+0/4<0,

so K maps 8,(0) into 8,(0). Suppose that (g, 5) is in 8,(0) x 8,(0). Now
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T, [Kig) - (b)) < BN, [Glgl - GLAIl < (1/40,[g - b].

Thus K is a contraction, and there is exactly one member u of 9,(0) such that
u = Tlp, { + Glull. This continuity of R is now easy to see, and the proof is
complete.

Note that the coup de grice in the proof of Theorem 1 was administered with the
contraction principle. With this in mind it is clear that Theorem 1 could be gener-
alized along the lines of more sophisticated fixed point theorems (see, for ex-
ample, M. A. Krasnoselskii [5], Nashed and Wong [16], or the recent work in
linear topological spaces of G. L. Cain, Jr., and Nashed [1]). For our present
purposes Theorem 1 as stated will suffice. Note also that 1 and o were chosen
so as to ensure that nz[u] < (30)/4. This is not necessary for the success of
Theorem 1, but will be useful below, in Theorem 4.

A useful special case of Theorem 1 is the case in which T is simply a func-
tion from %2 to 12, T[0] = 0, and

LA - Tlell < A1 7 - g

whenever (f, g) is in ?xz xxz. In this case, let T* from fxl X %2 to Xz be
given by T*[p, /1= TIf], and Theorem 1 applies. Also, in this case, it is clear
that ﬁz[u] < o0/2.

III. A functional differential equation. Let Y be a Banach space with norm
| |, and let R* be the set of all nonnegative real numbers. Let BC be the set
to which [ belongs only in case [ is a bounded continuous funtcion from R* w0
Y, and, if f is in BC, let J[/] be the least number ¢ such that |/(s)| < ¢ when-
ever s is in R*. Let A be a continuous function R*x Y to Y, and suppose that
A(t, 0) = 0 whenever ¢ is in R*. Let m_ be that real-valued function on Y x Y

described by
m_lp, q] = flim (1/8)(|p + 84| - |pD)-

Let p be a continuous real-valued function on R+, and let G be a function from
BC o BC. We will find conditions (Cl), (C2), and (C3) to be useful.
(C1) There is a number 8 such that

exp [f:) p(r)dr] +f; exp[ji p(r)dr] ds S B

whenever ¢ is in RY.
(C2) If (1, p, q) isin R* x Y x Y then

m_[p - q, AG, p) - Al, P1 < p(D]p - q|.
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(C3) Glo] =0, and G is of higher order.

Theorem 2. Suppose that each of (Cl), (C2), and (C3) is true. Then there
are positive numbers 7 and o such that if (p, {) isin Y x BC and |p| < n and
JUIf1< n then there is exactly one member u of BC such that Jlul <o and such

that (1) is true whenever t is a positive number.

Equations similar to (2) have been studied extensively by R. H. Martin, Jr.
[9], [10], [11] under a variety of hypotheses related to condition (C2). It follows
from [7, Theorem 5] that (C2) implies (2) can be solved locally uniquely, and
the addition of (Cl) ensures that solutions, as far as they can be continued, are
bounded. This author and Martin [8] have extended this to show that (C2) implies
global existence for (2). In particular, if both (C1) and (C2) hold, it is then the
case that if (g, g) isin Y x BC then there is exactly one member v of BC such
that (2) is true whenever ¢ is a positive number. Our definition of higher order
is the same as that of Grossman and Miller [4, Definition 2], and Theorem 2 is
related to, but independent of, [4, Theorem 4]. Note that if f is a function from a
subset of R* to Y, if c is in the domain of [, if f2(c) (the left derivative of [
at c) exists, and if Q is given on the domain of [ by Q(t) = |/ ()], then 0 (e)
exists and Q'(c) =m_[f(c), /. (c)] (compare [2, p. 3]). Note also [7, Lemma 6]
that if (p, ¢, r) isin Y x Y x Y then m_lp, g + rl <m_[p, q] + |r].

Indication of proof of Theorem 2. Let T be that function from Y x BC 10 BC
having the property that if (g, g, v) isin Y x BC x BC then v = Tlg, g] only in
case v'(t) exists and (2) is true whenever ¢ is a positive number. Let B
be as in (Cl). In light of Theorem 1, it suffices to show that

JUrlp, 1 - Tlg, g1 < Blp - gl + BILf - gl

whenever (p, ¢, f, g) isin Y x ¥ x BC x BC. Let (p, g, /, g) bein Y x Y x BC
x BC, let u=Tlp, /], let v=Tlg, gl, and let P be given on R* by P(¢) =
|u(t) = vt)]. Now, if ¢ is a positive number,

P'(5) = m_Lu(d) = v(2), &' () = o' ()]
= m_lult) = (1), A, u()) = A(t, o(2)) + f(2) - g(2)]
< pP(D) + | (8) - g(1)] < p(DP(D) + JUf - gl.
Hence [6, Theorem 1.4.1, p. 15],
lu(e) = ()] = P(2)

< [p - glexp [I; p(r)dr] + f[/ - g] f:) exp [fls p(r)dr]ds
<Blp-ql+BJlf - gl
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whenever ¢ is in R'. Thus Jlu - 1] < B|p - q| + BJIf - gl, and the proof is com-
plete.

We shall apply Theorem 2 to a Fredholm integrodifferential equation. For the
remainder of this section, let Y be the set of all real numbers, normed by absolute
value. Let ¢ be a continuous function from R’ x Y to Y, suppose that ¢(¢, 0)
=0 whenever ¢ is in R+, and suppose that if ¢ is in R" then the function from
Y to Y described by s — (é(¢, s) — sp(#)) is nonincreasing. Now (C2) holds,
for ¢. Suppose that (Cl) is true. Let a be a continuous function from R* x R*
to Y, let d be a positive number, and suppose that [§|alt, s)|ds < d whenever
tisin R, Suppose also that if {tk}Z‘;o is an R*-valued sequence with limit
ty then lim,_  f¢'|a(ty, s) - alt,, s)|ds = 0. Suppose that w is a continuous
function from Y to Y, suppose that there is an open neighborhood about 0 on
which © is continuously differentiable, and suppose that w(0) = »'(0) = 0.

Theorem 3. There are positive numbers n and 0 such that, if (p, f) is in
Y x BC and |p| < and JIf1< n, then there is exactly one member z of BC

such that J[z] < o and such that (3) is true whenever t is a positive number.

Corollary 1. Suppose that k is a continuous function from Y to Y, and
suppose that [Z° |k(s)|ds exists. Then the conclusions of Theorem 3 are true

with respect to (4).

Corollary 1 follows immediately from Theorem 3, and we shall not exhibit a

proof for it here.
Proof of Theorem 3. Let G from BC to BC be given by

GlrNe) = f ‘: alt, s)olb(s))ds.

In light of Theorem 2, it suffices to show that G is of higher order. Let ¢ be a
positive number. Let & be a positive number such that if ¢ is in [~ &, 8] then
w'(¢) exists and is in [- €/d, ¢/d]. Now |w(t) — w(s)| < (¢/d)|t — s| whenever
each of s and ¢ is in [~ 8, 8]. Suppose that (f, g) is in BC x BC and J[f1< 8
and Jlgl < 8. Now, if ¢ isin R,

| f T aly, solf(s)ds - [ al, sholgls) ds|
< f ‘(’j lals, s)|w(f(s)) - wlgls))| ds
<(e/D]lf - gl f‘: lals, s)|ds < eJlf - g,

and the proof is complete.
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IV. A Volterra integral equation. In this section we shall treat the Volterra
integral equation of the introduction. Again, let Y be a Banach space with norm
| |. Let Y? denote the product Y x Y x Y with norm N given by Nl(p, p, P;)]:
max {|p, ], |p,], |p5]}. Suppose that b is a positive number, and let C be the set
to which g belongs only in case g is a continuous function from [0, 8] x [0, ]
to Y. If g is in C let J[g] be the least number c such that |g(s, £)| < ¢ when-
ever (s, t) is in [0, bl x [0, b]. Let F be a continuous function from Y3 o Y,
suppose that F[(0, 0, 0)] =0, let D be an open set in Y? containing (0, 0, 0),
and suppose that F is continuously Fréchet differentiable on D (we mean Fréchet
derivative in the sense of [3, p. 149]).

Theorem 4. There is a positive number 7 such that, if (gl, gy g3) is in
CxCxC and ][gi] <1 whenever i is in {1, 2, 3}, then there is exactly one
member (uy, u,, u3) of Cx CxC such that equations (5) are true whenever
(s, 1) is in [0, b] x [0, b].

Corollary 2. There is a positive number 1 such that if each of (i) and (ii)
is true then (iii) is true.

(i) Each of ¢ and Y is a continuously differentiable function from [0, b]
to Y, pisinY, $0)=y(0)=p, |p(s) + ¥(t) - p| < n/2 whenever (s, 1) is in
[0, 6] x [0, B], |@'(s)| < /2 whenever s is in [0, bl, and [Y'(1)| < n/2 whenever
t is in [0, b].

(ii) [ is a continuous function from [0, bl x [0, b] to Y having the property
that if (s, 1) is in [0, 6] x [0, ) then each of [§ [4f(x, y)dydx, [§[(x, t)dx,
and fi) f(s, Y)dy bas norm not exceeding n/2.

(iii) There is exactly one continuously differentiable function u from
[0, b1 x [0, &) to Y such that u(s, 0) = P(s) and u(0, t) = () whenever (s, t)
isin [0, b1 x [0, b] and such that

o2 5 P ]
s, 0=, 0+ F [<u<s, D0 2 s, D, ik, z)>

sdt s

whenever (s, t) is in (0, b) x (0, b).

First we comment on how Corollary 2 follows from Theorem 4, and then we
prove Theorem 4. Suppose that &, ¢, p, and [ are as in (i) and (ii) of Corollary 2.
Let (gq. g4 83) in Cx Cx C be given by

gy(s, D)= @ls) + D) - p +f; f; [(x, y) dy dx,

g,ls, ) = @'(s) + f; (s, y)dy, g3(s, D=y'()+ f: f(x, t)dx.
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Now Jlg;,1 < n whenever i is in 11, 2, 3}, so Theorem 4 applies. Let (u,, u,, u;)
be as in the conclusion of Theorem 4. Now clearly u,(s, 0) = ¢(s) and «,(0, ¢) =
Y(t) whenever (s, ¢) is in [0, 5] x [0, &]. Also,

é"; wrls, D=8+ [ 10, Ny v [ Fllagls, 3 ugls, s s, Ny

= uz(s, t)

and, similarly, (6/dt)u (s, 1) = u;(s, t) whenever (s, ¢) is in (0, ) x (0, b). Thus
2

Os0t

ul(s, D=[(s, 1)+ F[(ul(s, 1), uz(s, R u3(s, ]

fs D+ F[(ul(s, DT s, D oyl z)>]

whenever (s, ¢) is in (0, ) x (0, b). If, on the other hand, v is another function
satisfying (iii) of Corollary 2, then the triple (v, dv/ds, dv/dt) satisfies Theorem
4 with the above selected (gl, 8y g3), so v =u,. It is now clear that Theorem 4
includes Corollary 2.

Proof of Theorem 4. Let A be the Fréchet derivative of F at (0, 0, 0), i.e.,
A is a continuous linear function from Y2 to Y and

as Nl(p,, py p3)1 — 0. Let €3 denote the product € x € x € with norm I
given by J;l(g,. g,, g5)] = max{]lg,), Jlg,l, Jlg;]i. Let m be a number such
that m > 1 and such that |Al(p,, p,, p3)]| <mNU(py, po p3)] Whenever (py, p,, p5)
isin Y3. Let R be that continuous linear function from C? x C* to €3 having

the property that (v,, v,, v;) = Rl(g,. g,. &5), (W}, w,, w,)] only in case

vl(S, 1) = gl(S. 1) +I: f; A[(wl(x, ), wz(x, y)» w3(x, y)dy dx,

vz(s, 1) = gz(s, 1+ J-; A[(wl(s, y), w,(s, y)s w3(s, yDldy,

and

vyls, )= gyls, )+ [ Allw e, 0wyl 0 wiyls, N]dx

whenever (s, t) is in [0, 5] x [0, b]. Now let K be the norm on C3 having the
property that if (g, g,, ;) is in C? then Kl(g,, g, g3)] is the least number c
such that e~ 2™ +’)N[(gl(s, 1), g,(s, 1), g,(s, )] < ¢ whenever (s, t) is in

[0, 8] x [0, b]. Now K is clearly an equivalent norm to |5, and, since m > 1, a

computation almost identical to the computation in (18, p. 11] shows that
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K[R[(gl, 8y g3), (vl, vy, v3)] - R[(gl, 8y 33)’ Wy, Wy, w3)]]
< (1/2Kl(vy, v,, v3) - (w,, w,, w3)]

whenever (g}, g4, &3), (W}, v, v3), (W), wy, w))) is in C3 x C3 x 3, Hence
there is a continuous linear function T from C3 to €3 such that T[(gl' gy g3)]
= Rl(g). g4 83)> Tlgy, g4 £3)]] whenever (g, g, g5) isin C3. Now, since T
is linear and continuous, there is a number B such that ];[Tl(g,, g, g;)]] <
Bl;ley, g, g5)] whenever (g,, g, g3) is in C3. Choose B> 1.

Let G be that function from C3 to C3 such that if vy, vy v3), (wy, w,, w3))
isin C3 x C3 then (wy, vy v3) = Glwy, w,, ;)] only in case

v,(s, 1) =f: f; [F[(wl(x, y) wylx, y) w3(x, y)]

- Allw, (x, y), w,(x, y), wylx, Y dydx,
v2($, 1) = f:) [F[(wl(s, ), wz(s, y), ws(s, y))]

- Al(w,(s, ), wz(s, s w3(S, yNlay,

and

v3(s, t) = f: [F[(wl(x, 1), wz(x, 1), wB(x, )]
- A[(wl(x, 1), w,(x, 1), w3(x, N dx

whenever (s, ) is in [0, 5] x [0, b]. Clearly now G[(0, 0, 0)] = (0, 0, 0). Suppose
that € is a positive number. Let ¢ = max {b, b2} If (p,, p., p3) isin D, let
F'(py. 0, p3) denote the Fréchet derivative of F at (py, p,, ps). Now, by con-
tinuity of F', there is a positive number & such that if (p,, p,, p5) is in Y? and
Nl(py. p, p3)1< 8 then (py, p,. p;) is in D and the operator norm of

F'(pl, 28 PS) - A does not exceed ¢/c. Hence [3, (8.5.4)],

ILFWpys b, 2301 = Allpy, 0, 03)1)
- [Fl(q,, 9, 9301 - Allg,, g5, ¢)1}]
< (e/NW(pys bys £3) = 4y, 450 3)]

whenever each of (p), p,. p;) and (g,, 4,, g;) is in Y? and Mp,, 4, g;)1<8
and Nl(g;, 9, 4;)] < 8. It is now clear that

]3[(7[(121, 2% v3)] - G[(wl’ w,, wS)]] 26]3[(1)1, 2% v3) - (wl' w,, w3)]

whenever each of (v,, v,, v3) and (w,, w,, w,) is in C3 and ]3[(01, vy v3)]_<_8
and ]3[(wl, w,, w3)] < 8. Thus G is of higher order. Choose 7 and 0 as in the
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proof of Theorem 1. Suppose that (g, g,. g;) is in C3 and Il g4 g3)] <.
Now there is exactly one member ("1’ Uy u3) of €3 such that ]3[(“1' us, u3)]§o

and such that

(ul, Uy, u3) = T[(gl, &4 g3) + G[(ul. Uy, u3)]].

This member (z,, u,, u3) of @3 clearly satisfies equations (5). The proof, how-
ever, is not yet complete since we as yet have uniqueness only with respect to a
subset of C3.

Suppose that (g}, g4, g3) (v}, v, v3)) is in C3 % @3, (I g?’)]s 5,
and (vy, vy, v5) = Tl(gy, g4 g3) + Gllv}, vy, v3)]]. To complete the proof it suf-
fices to show that ]3[(1/1, v, va)] < 0. Suppose that there is (s, t) in [0, 5] x
[0, 8] and i in {1, 2, 3} such that |v (s, t)| = 0. Let 4 be the largest member of
[0, 5] such that N[(v,(s, 1), v,(s, 1), vs(s, t))] < o0 whenever (s, t) is in [0, 4) x
[0, d). Now |v,(0, 0)| lg 0, 0)] < =0/4B <o whenever i is in {1, 2, 3} so 4
is positive (recall that we chose 8 >1). Let C* be the collection of all contin-
uous functions from [0, ] x [0, 4] to Y, and define C*3, r* ]3,and G* analo-
gously. Now J3[T*[(b%, b%, 5311 < B3 [(6F, 43, b’;)] whenever (b}, b%, b%) is
in C*3, and ]*[G*[(b* %, b’;)]] < (1/4B)]*[(b*, % b"s‘)] whenever (b%, b3, b’;)
is in C*3 and ]*[(b*, bg)]_<_ o. If iisin {1, 2, 3}, let g¥ and v} be the re-
strictions of g, and v, respectively, to [0, 4] x [0, 4). Now

];[(v’;, v;, vy M= ]3 [T*[(gl, I3 g*) + G*[(v’;, v;, v;)]]]
S ];[(gl’ 872 g3)] + ]3[6*[(111’ U;’ ‘U*)]]

<o/4 +0/4=0/2.
Thus, if 7 is in {1, 2, 3}, and (s, t) is in [o, 4] x [0, 4],

lv(s, O] = lv3(s, A

< N[(v1 (s, 1) vy *(s, 1, v3 (s, 0 < ]3 [(vl, Vz’ vy M <oa/2.

So we have a contradiction, and the proof of Theorem 4 is complete.

It should be noted (see, in particular, the work of W. Walter [17], [18], [19])
that a wide class of partial differential initial value problems can be rephrased
into the language of multivariable Volterra integral equations, and hence can be
dealt with by the methods we used in Theorem 4 and Corollary 2. Note also, in
Theorem 4, that (4, u,, u;) “‘depends continuously” on (g,» g5 83) and hence,
in Corollary 2, u, du/ds, and du/dt “‘depend continuously’’ on ¢, ¢, o'y,
and f.

Corollary 2 can be used to solve some classes of integrodifferential equations

which can be written as partial differential equations over an appropriate space
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of functions. Consider, for example, equation (7).

Let R be the set of all real numbers, let S be the interval [0, 1], and let
Y be the set of all continuous functions from § to R, normed with the supremum
norm. Let H be a continuous function from S x R x R x R to R, and let K be a
continuous function from §x S x R x Rx R to R. Let H,, HB’ and H, denote
the partial derivatives of H with respect to its second, third, and fourth positions
respectively, and let K, K, and K, denote the partial derivatives of K with
respect to its third, fourth, and fifth positions respectively. We suppose that each
of H,, H;,and H is continuous from S x R x R x R to R, and that each of
K, K,,and K5 is continuous from § x § x R x R x R to R. Suppose also that
H(z, 0, 0,0)=0 and [yK(z,7,0,0,0)dr =0 whenever z inin S. Let F, be
given from Y3 to Y by

Filpy by pN2) = HEz, p,(2), p,(2), p,(2),
and let F, be given from Y> to Y by
Follpy, by 201) = [ KCz, 1, (1) (1), py( Db

Let F=F, +F,.
Suppose that z is in S, and each of x, x,, x3, ¢}, ¢,, and ¢; is in R. Now
the mean value theorem tells us that there are members &,, 4,, and d3 of R

such that |d,| < |c | whenever i is in {1, 2, 3} and such that
|[H(z, Xy 4+ Cp Xy €y Xy c3) — H(z, Xy, Xy, x3)]
- lcle(z, Xy, %y, x3) + c2H3(z, Xps Xy x3) + c3H4(z, Xph Xy x3)]|
<|H(z, x; + c;, %, + ¢y, X5+ c3) ~H(z, x; +c,, x, + ¢y, xa)
- o3l (=, %), %y, x5
+|H(z, x| + cy, %, + ¢y, x3) = Hz, x| + ¢, x,, %5)
- c2H3(z, X1, %y x3)|
+ |H(z, x; + ¢y, %y, x3) - H(z, x, x,, x3) - cle(z, X1s %9 x3)|
= |H(z, x; + ¢, %, + ¢y x5 +d3) = H (2, 2y, x,, x5)]|c5]
+ iHs(z, X +Cp Xy +dy, x3) - H3(z, X1 X x3)||c2|
+|H,(z, x; +d,, x,, x3) - Hy(z, x|, x,, "3)HC1|'

This computation, the observation that each of H,, H3,‘ and H, is uniformly con-

tinuous on compact subsets of its domain, and the observation that each member
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of Y has range a compact subset of R, shows that F| is continuously Fréchet
differentiable. Similarly, F, is continuously Fréchet differentiable, so F is con-
tinuously Fréchet differentiable. Note that if (pl, by p3) isin Y3, and B is
the Fréchet derivative of F at (p;, p,, p3), then B is given on Y> by

3
Bl(g,. 9,, q3)](z) = H,Hl(z, 0,(2), p,(2), p3(z))qk(2)
k=1

3
N I;ZI i ; Ky 2z 1 0,05 0,0 0, (g, () .

Clearly now (7) falls within the scope of Corollary 2. One final word here: Sup-
pose that b is a positive number and g is a continuous function from lo, 5] x
[0, 1] to R. Suppose also that g,, the partial derivative of g with respect to its
first position, is continuous from [0, 8] x [0, 1] to R. Let b be the function
from [0, b] to Y given by h(2) = g(¢, ). Now b is continuously differentiable and
b'(t) = g,(t, ) whenever ¢ is in [0, b]. This is well known and can be easily
seen from a mean value theorem computation similar to the one above. Note thar
this shows how to restrict ¢ and 7 of (7) so as to satisfy (i) of Corollary 2.
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